We prove the mean curvature flow of a spacelike graph in (Σ 1 × Σ 2 , g 1 − g 2 ) of a map f : Σ 1 → Σ 2 from a closed Riemannian manifold (Σ 1 , g 1 ) with Ricci 1 > 0 to a complete Riemannian manifold (Σ 2 , g 2 ) with bounded curvature tensor and derivatives, and with K 2 ≤ K 1 , remains a spacelike graph, exists for all time, and converges to a slice at infinity. We also show, with no need of the assumption
where H is the mean curvature vector of M t = (M, g t = F * tḡ ) = F t (M). The mean curvature flow of hypersurfaces (i.e. (1.1) with n = 1) in a Riemannian manifold has been extensively studied in the last two decades. Recently, mean curvature flow of submanifolds with higher co-dimensions has been paid more attention, see [4, 18, 20, 21, 24] for example. In [21] , the graph mean curvature flow is studied in Riemannian product manifolds, and it is proved long-time existence and convergence of the flow under suitable conditions.
WhenM is a pseudo-Riemannian manifold, (1.1) is the mean curvature flow of spacelike submanifolds. This flow for spacelike hypersurfaces has also been strongly studied, see [1, 5, 6, 8] and references therein. To our knowledge, very little is known on mean curvature flow in higher codimensions except in a flat space R n+m n [24] . In this paper, we partially apply Wang's approach [21] of using the mean curvature flow in a Riemannian product space to deform a map between Riemannian manifolds, but we use the pseudo-Riemannian structure of the product. As a result we obtain a reformulated and largely extended version of the the main results in [21] and most of [19] , to non constant sectional curvatures K i , and applied to a set of maps satisfying a less restrictive condition, after using a simple argument of rescaling the metric in the target space Σ 2 , in a convenient way. The pseudo-Riemannian structure turns out to give a simpler and more efficient tool to provide an existence result on the deformation of a map to a totally geodesic one or to a constant one by some curvature flow under quite weak curvature conditions. In [21] it is necessary to use White's regularity theorem [23] , where a monotonicity formula due to Huisken [12] plays a fundamental role, to detect possible singularities of the mean curvature flow, while in pseudo-Riemannian case, because of good signature in the evolution equations, we have better regularity, and therefore we require fewer restrictions on the curvatures of Σ 1 and Σ 2 in the main theorem 1.1 as well on the map f itself in theorem 1.2. LetM = Σ 1 × Σ 2 be a product manifold of two Riemannian manifolds (Σ 1 , g 1 ) of dimension m and (Σ 2 , g 2 ) of dimension n, with the pseudo-Riemannian metric g = g 1 − g 2 , where Σ i , i = 1, 2 has sectional curvature K i and Ricci tensor Ricci i . Assume M is a spacelike graph
of a smooth map f : Σ 1 → Σ 2 , with induced metric g. The graph map, Γ f : Σ 1 → M, Γ f (p) = (p, f (p)), identifies isometrically (M, g) with Σ 1 with the graph metric g 1 − f * g 2 . M is a slice if f is a constant map. The hyperbolic angle θ can be defined by (see [2] , [15] )
where the determinant is defined with respect to the metric g 1 . The angle θ measures the deviation from a spacelike submanifold to a slice. If this angle is bounded the metrics g 1 and g = g 1 − f * g 2 of Σ 1 are equivalent. In this case, (Σ 1 , g 1 ) is compact iff (M, g) is so. The following is the main theorem in this paper. (2) If Σ 2 is also compact there is a sequence t n → +∞ such that the flow converges at infinity to a spacelike graph of a totally geodesic map, and if Ricci 1 (p) > 0 at some point p ∈ Σ 1 , the sequence converges to a slice. We observe that in (3) we do not need the compactness assumption of Σ 2 . We also note that the condition Ricci 1 ≥ 0 and K 1 ≥ K 2 means that at a point p ∈ Σ 1 , if K 1 (P) < 0 at some two-plane P of T p Σ 1 , then we have to require K 2 < 0 everywhere. In case (3) the flow defines a homotopy f t (φ t (p)) from the initial map f 0 = f to the final constant map f ∞ , where φ t = π 1 • F t is a smooth diffeomorphic endomorphism of Σ 1 , that at t = 0 gives the identity map. We shall prove that the deformation process is also valid without assuming 
This gives ρ = +∞ for K 2 ≤ 0. Recall that by the Cartan-Hadmard theorem, if K 2 ≤ 0, the universal cover of Σ 2 is diffeomorphic to a Euclidean space, and in particular π m (Σ 2 ) = 0 for all m > 0. If Σ 1 is the m-sphere, and K 2 ≤ 0 then ρ = 0 and the previous corollary gives a new proof of this classical result.
We also may apply the previous theorem to obtain a reformulated version of the main result in [21] The condition det(g 1 + f * g 2 ) < 2 implies Γ f is a spacelike submanifold for the pseudo-Riemannian structure of Σ 1 × Σ 2 . The converse may not hold, so spacelike graph is a less restrictive condition. In [19] , corollary 1.2 is generalized, under the same constant curvature conditions, to the case of area decreasing maps that is a slightly less restrictive condition than of a spacelike graph f * g 2 < g 1 . For such maps the eigenvalues λ 2 i of f * g 2 satisfy λ i λ j < 1 for i = j. Thus, f * g 2 may have one and only one eigenvalue (counting with multiplicity) greater than or equal to one. If n ≥ 2 area decreasing maps are spacelike iff the largest eigenvalue λ 1 is also smaller than one. In this case we also recover the main theorem of [19] . If Σ 2 is one-dimensional, any map f satisfies such condition, and the result can be obtained from theorem 1.2, since K 2 = 0 holds in this case. This is a particular case of K 2 ≤ 0 stated above.
We consider the φ -energy functional acting on smooth maps f :
where dµ 1 means here the volume element of (Σ 1 , g 1 ), φ is a symmetric nonnegative continuous function on the eigenvalues λ = λ 2 i of f * g 2 satisfying φ (λ ) = 0 if and only if λ = 0 and φ (λ ) ≤ C λ τ , for some constants C, τ > 0. When φ (λ ) = λ 2 1 + . . . + λ 2 m , we have the usual energy functional whose critical points are the harmonic maps. As a corollary of theorem 1.2 we obtain: g 2 ) minimizes the φ -energy functional in its homotopy class, and if f * g 2 ≤ ρg 1 , then f is constant.
The rest of this paper is organized as follows. In section 2, we derive the elementary formulae for the geometry of spacelike submanifolds in a pseudoRiemannian manifold. Section 3 is devoted to spacelike submanifolds in pseudoRiemannian product manifolds in our setting. Evolution equations of different geometric quantities are given in section 4. The proof of theorem 1.1 is given in sections 5, 6 and 7. In section 5 we first recall short-time existence of a smooth solution of (1.1) and prove part of theorem 1.1 (1) and we show the induced metric g t and the second fundamental form B t of F t as well its all derivatives remain uniformly bounded along the flow. In section 6 we prove long-time existence using elliptic Schauder theory considering the Riemannian structureḡ + = g 1 + g 2 of Σ 1 × Σ 2 , obtaining uniform C k+σ bounds of a solution F t of (1.1), that leads to an existent convergent sequence F t n with t n → +∞. Then we prove this sequence to converge to a maximal graphic spacelike submanifold F ∞ . Finally, we use the Bernstein-type results obtained in [2, 15] to conclude that f ∞ is a totally geodesic map or a constant one. In section 7 we consider the particular case Ricci 1 > 0 everywhere, and Σ 2 not necessarily compact, and show in this case B t is exponentially decreasing and so f t lie in a compact region of Σ 2 and prove as well the convergence of all the flow. In this section we also prove theorem 1.2 and corollaries 1.2 and 1.3.
Geometry of spacelike submanifolds
LetM be an (m + n)-dimensional pseudo-Riemannian manifold, andḡ the nondegenerate metric onM, which is of index n. Denote by∇ the connection onM, and we convention that the curvature tensorR is defined byR( We choose orthonormal frame fields {e 1 , · · · , e m+n } ofM, such that when restricting to M, {e 1 , · · · , e m } is a tangent frame field, and {e m+1 , · · · , e m+n } is a normal frame field. We make use of the indices range, 1 ≤ i, j, k, · · · , ≤ m, m + 1 ≤ α, β , · · · , ≤ m + n, and 1 ≤ a, b, c, · · · , ≤ m + n. Let θ 1 , · · · , θ m+n be the dual frame fields of {e a }. Then the structure equations ofM are given by
where 
Then restricting to M, we have ω α = 0, and
where h α i j are the components of the second fundamental form, that is B(e i , e j ) = ∑ α h α i j e α . Since the normal vectors are time-like, the following relations hold
The structure equations of M are then given by
l )e j is the curvature form of M, and 
and the normal curvature of M is given by the Ricci equation
The tensor given by
. Then the components ofR are justR α i jk =R ai jkḡ aα = −R αi jk . Differentiating both sides of (2.1) and applying the structure equations we have the Codazzi equation
The mean curvature of F is denoted by
Differentiation of (2.2) and use of the structure equations we have
In order to compute the Laplacian of the second fundamental form, we have to relate the covariant derivatives (∇ e sR (e j , e k )e i ) α , with ∇ e sR (e j , e k )e i = ∑ αR α i jk,s e α , where ∇R is the covariant derivative considering the connection of the normal bundle. We have
Using Codazzi's equation (4 times), we obtain
and so, using this equation again and the commutation formula (2.3), we get
Using the first Jacobi identityR
We obtain a Simons' type identity
Notice that we use || · || to denote the absolute of the norm of a time-like vector in M.
∆ cosh θ
In this section we shall compute the covariant derivative of a pull-back of a parallel form in the ambient space by a spacelike immersion F : M m →M. Let Ω be a parallel m-form onM. For the orthonormal frame fields {e i , e α } in section 2, Ω(e 1 , · · · , e m ) is a function on M. As in [21, 15] , we shall compute the Laplacian of Ω(e 1 , · · · , e m ) = Ω 1···m in locally frame fields. First we have
Differentiating (3.1) again gives
where
we get in components
with e α , e β occupying the i-th and the j-th positions. The same meaning is for Ω αi .
In the following we assumeM = Σ 1 × Σ 2 is a product of two Riemannian manifolds (Σ i , g i ) of dimension m and n, with pseudo-Riemannian metricḡ = g 1 − g 2 . If we denote by π i the projection from TM onto T Σ i , then for any X ,Y ∈ TM,
Suppose M is a spacelike graph of a smooth map f :
The spacelike condition on M means λ 2 i < 1. By the classic Weyl's perturbation theorem [22] , ordering the eigenvalues in this way, each λ 2 i :
We take a g 1 -orthonormal basis
This constitutes an orthonormal system in T f (p) Σ 2 , that we complete to give an orthonormal basis {a α } α=m+1,··· ,m+n for T f (p) Σ 2 . Moreover, changing signs if necessary, we can write d f (a i ) = −λ iα a α , where λ iα = δ α,m+i λ i meaning = 0 if i > s and so if i > m, or α > m + s and so if α > m + n. Therefore
form an orthonormal basis for T p M and for N p M respectively, with e i a direct one. From now on we take Ω to be the volume form of Σ 1 , which is a parallel mform onM. If M is a embedded m-submanifold such that for any p ∈ M, and a basis E i of T p M, the quantity Ω(
where φ : M → Σ 1 is a local diffeomorphism, and F can be locally identified with the graphF(p) = (p, f (p)) up to parameterization. The mean curvature of F does not depend on the parameterization, only on its image. We shall call graphs to all such parameterizations. Note that by Lemma 3.1 of [2] , if F is a spacelike submanifold with M compact, φ : M → Σ 1 is a covering map, and so it is surjective. Hence, this map f : Σ 1 → Σ 2 , when locally defined and Σ 1 compact, it is unique and globally defined.
Assume M = Γ f . If M is a spacelike graph, then taking the orthonormal frame e i as in (3.4)
where * is the star operator in M. In this case this quantity is ≥ 1 (assuming the correct orientation) and is cosh θ . We can also describe cosh θ as the ratio between the volume elements of (Σ 1 , g 1 ) and of
If M is compact, any other submanifold in a sufficiently small neighbourhood of M is also a spacelike graph. Now we compute
As for the terms containing the curvatures of the ambient space, we denote by R 1 and R 2 the curvature tensor of Σ 1 and Σ 2 , respectively. We shall compute the curvaturesR ofM in terms of R 1 and R 2 . Now for the tangent frame field {e i } (3.4) and normal frame field {e α } (3.5), sinceR α kik =R β kikḡ αβ = −R αkik , we obtain
Consider for i = j the two-planes
Inserting (3.6) and (3.7) into (3.2) we at last arrive at
where we have used the fact that the Hodge star operator is parallel. Now by (3.1)
We shall calculate
Plugging (3.8) and (3.9) into (3.10) we have
Evolution equations
In this section, we shall compute the evolution equations of several geometric quantities along the mean curvature flow (1.1). We fix a point (x 0 ,t 0 ) ∈ M × [0, T ) and consider (x,t) in a neighbourhood of (x 0 ,t 0 ). We locally identify
We take e α (x,t) a local o.n. frame of NM t defined for (x,t) near (x 0 ,t 0 ). Computations are easier considering a fixed local coordinate chart on M. For any local coordinate {x i } on M, we use the same notation as in section 3, but g i j (x,t) = g t (∂ i , ∂ j ) = δ i j may not hold everywhere, and h α i j the components of the second fundamental form B(x,t) are with respect to ∂ i and some orthonormal frame e α (x,t). That is
Most of the following computations are quite well known in the literature ( see for instance [4, 11, 24] ), but for the sake of simplicity, and since we are in the non-flat pseudo-Riemannian setting and in higher codimension, we reproduce them here adapted to our case. We define the tensor on M (depending on t)
and 
H). It follows the induced metric evolves according to
for (x,t) near (x 0 ,t 0 ). The volume element of M t is given by dµ t = Vol M t = det[g i j ]dx 1...m . To compute the evolution equation for dµ t and for the second fundamental form we will assume the coordinate chart x i is normal at x 0 for the metric g t 0 with ∂ i (x 0 ) = e i (x 0 ) orthonormal frame. Then at (x 0 ,t 0 ), g i j = δ i j . The next computations are at the point (x 0 ,t 0 ). Using (4.1)
We also have d dt h
Thus,
and using ∑ αβ h α i j h
Combining the above equation with the Simon's type identity (2.4) we arrive last to the evolution equation of the squared norm of the second fundamental form as stated in next proposition. A similar computation can be done to H 2 . Therefore 
Next we compute the evolution of the pull-back of a parallel m-form onM. Let Ω be a parallel m-form onM. Then the restriction of F * Ω satisfies the following
On the other hand we have
Combining with equation (3.2) we get the parabolic equation satisfied by Ω 1···m :
Proposition 4.2. Let M t be an m-dimensional spacelike mean curvature flow in a pseudo-Riemannian manifoldM and Ω a parallel m-form onM. Then we have the following evolution equation at
If M is a graph of f : Σ 1 → Σ 2 , and Ω is the volume form of Σ 1 , then, since Σ 1 is compact, for sufficiently small t, M t is a spacelike graph, and so cos θ t is defined and we have the evolution equation for cosh θ by inserting (3.11) into (4.2) 
Short-time existence
In this section we give the proof of the first part of Theorem 1.1(1), given in several steps described by the next propositions and lemmas. Let x i be a coordinate chart of Σ 1 on a neighbourhood of p 0 ∈ Σ 1 and y α a coordinate chart of Σ 2 on a neighbourhood of q 0 = f 0 (p 0 ). Note that x i is identified with a coordinate chart in M 0 as in section 4. In coordinates (1.1) means
t ∂ x j , and Γ k i j are the Christoffel symbols for the induced Riemannian metric g t of M (that depends on the second derivatives of F t , what makes the system to be not strictly parabolic) andΓ a bc the ones ofM, in the coordinates charts x i and w a = (x i , y α ) respectively.
Since F = F 0 is a spacelike graph of f = f 0 : Σ 1 → Σ 2 we recall that in [17] , following [16] , we have proved that for X ,Y ∈ T p Σ 1 ,
where Hess f is the Hessian of f with respect to the Levi-Civita connections ∇ i of (Σ i , g i ), W = trace g Hess f , and Z is the vector field on Σ 1 defined by g(Z, X ) = g 2 (W, d f (X )). From the above expression of B we have observed in [15] that Γ f is a totally geodesic submanifold ofM iff f :
is a totally geodesic map. To see this, we have from (5.2) and using the frames (3.4) and
Using these frames we also see that π 1 :
3) We also note that if λ 2 i < 1 − δ for all i, the Riemannian metricĝ on T (p, f (p))M defined by declaring an orthonormal basis e i , e α given by (3.4) (3.5), that iŝ
where c(δ ), c ′ (δ ) are positive constants that only depend on δ . 
where the Hessian is w.r.t the initial metric g 1 of Σ 1 and the trace with respect to the graph metric g t = g 1 − f * t g 2 of Σ 1 . This system is strictly parabolic. Now we assume F t satisfies (1.1). We identify M 0 = F 0 (M) with the graph Γ f 0 : Σ 1 →M. We also remark that using the trick of DeTurck (see page 17 of [25] ), as in the case of hypersurfaces in a Euclidean space, by reparameterizing F asF(p,t) = F(ρ t (p),t) where ρ t : Σ 1 → Σ 1 is a convenient (local) diffeomorphism, (1.1) is equivalent to a system of strictly parabolic equations. For existence of solutions one can follow the approach in [7, 14] of isometrically embedding Σ i into Euclidean spaces R N i , but considering the Riemannian structures onM and R N 1 +N 2 , and linearizing the above parabolic system to prove existence of a local solution. We note that the proof of existence of a local solution and the corresponding regularity theory for a spacelike flow in a pseudo-Riemannian case is identical to the Riemannian case, for, as we will see in next section, the tensor fields involved, namely∇ k B are bounded both for the pseudo-Riemannian and the Riemannian structure ofM. Since Σ 1 is compact one has: Let T ′ ≤ T such that for all t < T ′ , M t is an entire spacelike graph Γ f t , and cosh θ is bounded from above, that is cosh
Now we prove part (1) for some constant c 0 > 0.
Proof. Let t < T ′ . Note that λ i λ j < 1 − δ for any i and j, and λ i = 0 for i > min(m, n). For the second fundamental form, we have
where we keep in mind that h m+ j ik = 0 when m + j > m + n. Therefore we can estimate the terms in the bracket of (4.3)
On the other hand, since Ricci 1 ≥ 0 and
According to the maximal principle for parabolic equations, we have for s > t
Assume T ′ < T . Then F T ′ is defined, and from F * t Ω 1...m ≥ 1, for all t < T ′ we obtain the same for t = T ′ . Then F T ′ is a graph of a map f T ′ . From (5.6) we have for all T ′ > t ≥ 0, λ 2 i (t) < 1 and
and so the same also holds for t = T ′ , what proves that f T ′ defines a spacelike graph F T ′ . Thus, we may take
with φ t : Σ 1 → Σ 1 a covering map homotopic to the identity, and so of degree one, and necessarily orientation preserving local diffeomorphism, what implies φ t is also 1-1. Now it follows that g t are all uniformly equivalent and dµ t is 
We will need the following lemmas:
for some constants a, b ∈ R. Then we have f ≤ 
, where x t ∈ Σ 1 is a point which the maximum is attained.
onM defined along the flow is uniformly equivalent toḡ + . Therefore, if U is a vector field ofM defined along the flow, and if U is normal or tangential to the flow, that is U = U ⊥ or U = U ⊤ , then U is uniformlyḡ-bounded if and only if it is uniformlyḡ + -bounded. Hence, any vector field U with U ⊤ and U ⊥ uniformlyḡ-bounded, is also uniformlyḡ + -bounded. Proof. In our case Σ i are of bounded curvature tensors and their covariant derivative. By proposition 5.2, e i and e α given by (3.4) and (3.5) are uniformly bounded. Thus, the terms in the expressions in Proposition 4.1 involving the curvature tensor R are bounded. It follows from Proposition 4.1, for some constants c 1 , c 2 ,
where we have used some elementary geometric-arithmetic inequality
Then applying Lemma 5.1 to (5.7), B is uniformly bounded. Then we proceed as in [5, 6, 10, 11, 12, 13, 18] to prove boundedness of ∇ k B , using an interpolation formula for tensors. We note that all terms including the curvatures of ambient space are of lower orders of the second fundamental form than the main part. Since ∇ k H = trace∇ k B we obtain uniform boundedness for ∇ k H for all .3) we get uniform boundedness of π 1 (B) 1 and of Γ k i j . In particular π 2 (B) 2 is also bounded, and this proves uniformly boundedness of
, with c 22 > 0 a constant not depending on t. Thus,∇B is uniformlyĝ-bounded and soḡ + uniformly bounded. Inductively we obtain the same for higher order derivatives. 
we obtain the uniform boundedness of f * g 2 and its derivatives.
Long-time existence and convergence
It is well known that if B is uniformly bounded then the mean curvature flow exists for all time. This is well known for hypersurfaces, as in the above references, and for the case of flat ambient space. For non flat space and higher codimension in the Riemannian case see [3, 4, 18] ). This holds as well in our setting. For the sake of completeness we will apply Schauder theory for elliptic systems to prove long-time existence and a condition for the convergence of the flow at infinity. We are assuming (Σ 1 , g 1 ) compact and (Σ 2 , g 2 ) complete. In this section we considerM with the Riemannian metricḡ + = g 1 + g 2 and we may embed isometrically Σ i into an Euclidean space R N i , and consider R N , N = N 1 + N 2 with its Euclidean structure. Note thatM is a closed subset of R N , and so if K ⊂ R N is a compact set for the Euclidean topology, then K ∩M is a compact set for (M,ḡ + ). Then we follow as in [14] . For each 0 ≤ σ < 1 and k < +∞ integer, the spaces C k+σ (Σ 1 ,M) are endowed with the usual C k+σ -Hölder norms (well defined up to equivalence using coordinates charts). C k+σ (Σ 1 ,M) is a Banach manifold with tangent space C k+σ (Σ 1 , F −1 TM) at F ∈ C k+σ (Σ 1 ,M). These spaces can be seen as closed subsets of C k+σ (Σ 1 , R N ). We consider F t a solution of (1.1) with initial condition F 0 = Γ f 0 . Then F t satisfies the parabolic system 5. 
By induction we obtain the same conclusion for the higher order Hölder norms. Note also from proposition 5.2, d f t 2 is uniformly bounded, and so
From uniform boundedness of B and of Γ k i j established in corollary 5.1, and that
, we have uniform boundedness of
. By (linear) elliptic Schauder theory (see [14] p. 79 ), we have that a solution F t of (5.1) satisfies for each t
Here c i , i = 0, 1, . . . are positive constants not depending on t. Since H C k+σ (Σ 1 ,R N ) is uniformly bounded, we have Proposition 6.1. Let F t be a solution of (1.1) 
Proof. Note that F t (p) is a curve inM with derivative H t . Letd be the distance function on (M,ḡ + ). We have a uniform bound H t g + ≤ c 9 , for a constant c 9 > 0, and from (1.1), for t ≥ s R N ) uniformly bound for t ∈ [0, T ). Therefore, by proposition 6.1, F(·,t) C 2+σ (Σ 1 ,M) are uniformly bounded. We take a sequence t N → T . By the Ascoli-Arzela theorem we may extract a subsequence t n → T of t N , such that F(·,t n ) converges uniformly to a map F(·, T ) in C 2 (Σ 1 ,M), with t n → T . This also implies F(·,t) converges uniformly to F(·, T ) when t → T . To see this we only have to note that for d(F t , F T ) = sup p∈Σ 1d (F t (p), F T (p)) or d defined from the 2-Hölder norm, the following inequality holds:
where c 10 > 0 is a constant, and in the last inequality we used proposition 5.3. We note that F T is smooth, by using, by induction, higher order Schauder theory to sequential subsequences of F t n , and finally a diagonal one. Following the same reasoning as in the proof of proposition 5.2, F T is a spacelike graph of a map f T ∈ C ∞ (Σ 1 , Σ 2 ), and consequently we can extend the solution F t to [0, T + ε) for some ε > 0, what is impossible. This proves T = +∞. It follows from proposition 5.2 that
for some constant c 12 > 0. Consequently there exist t N → +∞ with sup Σ 1 H t N 2 → 0. Assuming f t lies in a compact set of Σ 2 we are assuming F t L ∞ (Σ 1 ,M) ≤ C uniformly for t ∈ [0, +∞), what implies, following the same steps as above in this proof, with t n subsequence of t N , that F t n converges to a map
From the Bernstein results in [2, 15] we conclude Γ f ∞ is a totally geodesic submanifold, or equivalently, f : (Σ 1 , g 1 ) → (Σ 2 , g 2 ) is a totally geodesic map, and if Ricci 1 > 0 somewhere, then f ∞ is a constant map.
So we have proved parts (1) and (2) of theorem 1.1.
7
The case Ricci 1 > 0 everywhere Next we assume Ricci 1 > 0 everywhere, and prove the last part (3) of theorem 1.1, giving a particular version of the proof of theorem 1.1, with no need of using the Bernstein theorems obtained in [15] , but with a direct proof of convergence at infinity of all flow to a graph of a constant map. Proof. The assumption on the sectional curvatures of Σ 1 and Σ 2 in Theorem 1.1 with the further assumption Ricci 1 > 0 everywhere guarantees that for each i fixed, We therefore have, cosh Proof of corollary 1.3. We assume f minimizes the φ -energy functional. Let f t given by theorem 1.2. From (7.2) of lemma 7.1 and the assumptions on φ , we have E φ ( f ) ≤ lim infE φ ( f t ) = E φ ( f ∞ ) = 0, when t → +∞. Thus, E φ ( f ) = 0, and so f is constant.
Remark. We note that when E φ is the usual energy functional of f corollary 1.3 can be obtained using a simple Weitzenböck formula. Since f is harmonic
that under the curvature conditions of theorem 1.2, K 1 ≥ K 2 with K 1 ≥ 0, or Ricci 1 ≥ 0 and K 2 ≤ 0, we have ∆ d f 2 ≥ 0, what implies d f , and so by the above equation f is totally geodesic, and if Ricci 1 > 0 at some point, then λ i = 0, that is f is constant. So, corollary is mainly interesting for φ not the square of the norm. But this argument also shows that the curvature condition Ricci 1 ≥ 0 with K 2 < 0 is the expected one, since in this case, K 2 ≤ 0, it is well known that any map f : Σ 1 → Σ 2 is homotopic to an harmonic map, and so, under the condition Ricci 1 ≥ 0, necessarily to a constant one.
